THE HOMOTOPY TYPE OF THE SPACE OF SYMPLECTIC BALLS 
IN 5^2 X 5^2 ABOVE THE CRITICAL VALUE 
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o 

C 2 ^ ' Abstract. We compute in this note the full homotopy type of the space of symplectic 

^Nj embeddings of the standard ball B'^{c) C M* (where c = 7rr^ is the capacity of the 

standard ball of radius r) into the 4-diniensional rational symplectic manifold M^ = 
(S^ X S'^jfj.uJo ffi'i'o) where ojo is the area form on the sphere with total area 1 and /i 
belongs to the interval (1, 2]. We know, by the work of Lalonde-Pinsonnault [S], that 
this space retracts to the space of symplectic frames of M^ for any value of c smaller 
than the critical value fi — 1, and that its homotopy type does change when c crosses 
that value. In this paper, we compute the homotopy type for the case c > fi — 1 and 
r ^ ' prove the claim announced in [S] that it does not have the type of a finite CW-complex. 

C^ . Subject classification: 53D35, 57R17, 55R20, 57S05. 

1. Introduction and preliminaries 

fT^ ■ We first recall the background needed from |B]. Consider the rational symplectic man- 

^ I ifold M^ — (5*2 X S'2,/iwo ffi <^o) where ujq is the area form on the sphere with total area 

0^ ■ 1 and where /i belongs to the interval (1,2]. The generalization for all values of /i, that 

is, the cases /i G (n,n + 1] are treated in the forthcoming paper [5]. Let B*{c) C M.'^ be 

the closed standard ball of radius r and capacity c — irr'^ equipped with the restriction 

("^ I of the symplectic structure ojst = dxi A dyi + dx2 A dy2 of R*. Let Emb^; (c,/i) be the 

Tij" ■ space, endowed with the C°°-topology, of all symplectic embeddings of B'^{c) in Af^. Fi- 

^P I nally, let 3Emb^(c, /i) be the space of subsets of M that are images of maps belonging to 

(^ ■ Embij (c, /i) defined as the topological quotient 

^ ■ (1) Symp(B4(c)) ^ Emb^(c,A<) -^ 3Emb„(c,^) 

where Symp(i3*(c)) is the group, endowed with the C°°-topology, of symplectic diffeomor- 
phisms of the closed ball, with no restrictions on the behavior on the boundary (thus each 
such map extends to a symplectic diffeomorphism of a neighborhood of B* (c) that sends 
B*(c) to itself). We may view SJEmb^ (c,/i) as the space of all unparametrized balls of 



(N 



X 



j^ ' capacity c of M. 



We know from [5] that Emb^^ (c, /i) retracts to the space of symplectic frames of M = 
S'2 X iS'2 for all values c < /i — 1 (hence the space QEmb^; (c, fi) retracts to 5*2 x S^ in this 
range of c's). Recall that the Non-squeezing theorem implies that this space is empty for 
c > 1. It is shown moreover in [8] that the homotopy type of SEmb^^ (c,/i) changes only 
when c crosses the critical value /i— 1 (and that it does change at that value). The goal of 
the paper is to compute the full homotopy type of SEmbt^ (c, fi) for values /i — 1 < c < 1 
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and to prove, in particular, that it docs not have the homotopy type of a finite dimensional 
CW-complex. The main results of this paper are summarised in the following theorem. 

Theorem 1.1. Let 0</i— l<c<l. Then we have for $JEmba)(c, //); 

l.a) The topological space SEmb^j (c,/i) is weakly homotopy equivalent to the total space E 
of a non-trivial fibration 

(2) nY?SO{-i)IVlS^ — > ^ -^ 5^ X 5*2 

where the inclusion of the group Q,S^ in Q.Yp'SOi?)) is induced by the map S^ — > 'S^S0{3) 
that corresponds to the generator of the fundamental group ofSO(3). The definition of E 
and TT is given m § [H This fibration has a continuous section and all its homotopy groups 
split. 

Lb) The minimal model o/3Embi^(c, /i) is (A(a, 6, , e, /, g, h), d) with generators in degrees 
2, 2, 3, 3, 3, 4 and with differential 

de = a , df — b , dg = da = db = 0, dh = kbg 

where k is a non zero rational number. Thus its rational cohomology ring is equal to the 
algebra 

i7*(3Emb^(c, /i); Q) = A(a, 6, g,gh,..., gh"^, . . . , 5/i, . . . , bh'\ . . .)/{a\ b\ bg) 

where n G N. It is therefore not homotopy equivalent to a finite- dimensional CW-complex. 

(See § |4]for a geometric description of these generators.) Similarly we have for Emb(j (c, fL) : 

2. a) The topological space Emb(^ (c,/i) is weakly homotopy equivalent to the pull-back of 
the above fibration ([2]) by the fibration _Flj — > 5^ x 5*^ where F^^ is the space of symplectic 
frames over M^ — S^ x S'^ . 

2.b) A minimal model o/ Embj^ (c, /i) is {A{da^b,ST f,g,v,h),dQ) with generators of degrees 
2, 3, 3, 3, 3, 4 and with differential 

dodaM = daf = dog = d^v = 0, d^h = -kda,bg and doe = d^,,. 
Its rational cohomology ring is given by 

H*{EmK{c, ^); Q) = A{da,b, f, g, v,gh,..., gh", . . . , si, . . . , s„, . . ■)/{dli„ da^g) 
where s„ ~ h"^^{hda.b + nkeg) and n G N. 

See §[6] for the computations of the cohomology rings with any field coefficients of both 
QEmbi^ (c, /i) and Embcj (c, n) . 

We end this section with a brief description of the methods that we will use. 

Denote by tc, c < 1, the standard symplectic embedding of B'^{c) in M^. It is defined 
as the composition B'^{c) ^-> D'^{fi — e) x D'^{1 — e) ^-> S'^{p) x S'^{1) = M^ where the 
parameters between parentheses represent the areas. Consider the following fibration 

(3) Symp(A/^, B,) ^ Symp(M^) -^ SEmb^ (c, ^) 

where the space in the middle is the group of all symplectic diffeomorphisms of A/^, the 
one on the left is the subgroup of those that preserve (not necessarily pointwise) the image 
Be of ic , and the right hand side arrow assigns to each diffeomorphism ip the image of the 
composition 4> o ic- 
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Denoting by Mf^^c the blow-up of Af^ at the baU tc and by Synip(M^i_c) the group 
of its symplectomorphisnis, it is shown in [8] that Synip(Mp, _Bc) is naturally homotopy 
equivalent to Symp(M^_c)- There is therefore a homotopy fibration 

(4) Symp(M^,c) -^ Symp(M^) -^ 3Emb^ (c, fj.) 

The topology of the middle group has been computed by Abreu [1] and by Anjos and 
Anjos-Granja OH], while the topology of the left one was computed in [8j which also 
provided the first steps in using that homotopy fibration for the computation of the space 
SEmbcj (c, /i) . We will push further their methods to get a complete description of the 
homotopy type of 5Embij(c, /i) and of Emb[^;(c, /i). We begin with the calculation of the 
full homotopy type of these two spaces in § [2] and then proceed in § |4] and § [5] to the 
computation of their minimal models. This "rational homotopy type" approach through 
minimal models will be needed for the cohomology computations of these spaces with any 
field coefficients in § [5] 

Acknowledgements. The first author is grateful to Gustavo Granja for useful conver- 
sations, and the second one thanks Octav Cornea for discussions on some aspects of the 
theory of minimal models. We are also very grateful to the referee of the International 
Journal of Mathematics for reading the paper so carefully and giving pertinent suggestions, 
especially for giving a way to correct the computation of the differential of the element h 
in the minimal model of SEmb^^ (c, /i) (see Lemma 14. 4p . 



2. The homotopy types of 5Embi^(c, ^) and Emb^^ (c,/i) 

In order to find the homotopy type of SEmb = SEmb^j (c, /i) we use the knowledge of the 
full homotopy types of Symp(M^^c) and Symp(M^) as topological groups. By definition, 
given topological groups G and G", G has the homotopy type of G' as topological groups if 
there are 7J-maps f : G ^ G' and g : G' ^ G such that fog and g o f are homotopic to 
the identity map through based maps. Therefore the product structure is preserved and 
the Pontryagin rings of the two topological groups are isomorphic. 

We first recall from 4J the background that will be needed. Let P denote the pushout 
of the diagram of topological groups 

(5) SO{3) ^^ SO{3) X 5-0(3) 



50(3) X 5"! 

where A denotes the inclusion of the diagonal and i the inclusion of the first factor. This is 
also known as the amalgam (or amalgamated product, or free product with amalgamation) 
of the groups 5*0(3) x 50(3) and 50(3) x 5^ over the common subgroup 50(3) and it is 
characterized as the initial topological group admitting compatible homomorphisms from 
the diagram dSj). 

Actually, the pushout construction is defined in any category (see [9], for instance) 
but we are mainly interested in the category of topological groups. This construction is 
characterized by having a universal property that, in our particular case, translates in the 
following statement. If G is any topological group sitting in the obvious square diagram 
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with continuous homomorphisms making the diagram commutative, then there is a unique 
continuous homomorphism ip : P ^ G making the following diagram commutative: 



50(3) X SO{3) 




1, 






when Xi, Xi+i both belong either to 5*0(3) x 



50(3) 



50(3) X 51 



In our particular example, the group structure in the pushout can be described as 
follows. Consider the set S of finite sequences 

a;iX2 . ■ -Xn 
where Xi G 50(3) x 50(3) or Xi G 50(3) x 5^ and the equivalence relation ^ generated 

by 

[Ij X\ . . . Xji '"^ X\ . . . Xi . . . Xji 
(ii) Xi . . . XiXi+i . ..Xn^ Xi. 

50(3) or to 50(3) x 51. 
In particular, if Xi is in the common subgroup 50(3) then xi . . . {xi-iXi)xi-^i . . .Xn '^ 
xi . . . Xi-i{xiXi^i) . . .Xn- 5 has an associative unital product defined by concatenation 
and it is easy to check that this descends to the set P = 5/ ~ of equivalence classes and 
that P together with the canonical maps 50(3) x 50(3) ^ P and 50(3) x 5^ — > P, as a 
group, is the pushout of diagram ^. A good reference for the pushout of groups is [12j . 

In our example, we also need to choose a topology on the space P so that P together 
with the maps is the pushout in the category of topological groups. It turns out that it 
is necessary to work in the category of compactly generated spaces. We say that X is 
compactly generated if a subset U d X is closed iff for every compact Hausdorff space 
K and continuous map g : K ~> X, g^^(U) is closed. Given an arbitrary topological 
space X we can refine the topology in the obvious way so that it becomes compactly 
generated. Now endow 5 with the inductive limit of the inclusions 5" — > 5"+™, xi . . . a;„ 1— > 
xi . . . a;„ • 1 • . . . • 1, and 5/ ^ with the quotient topology. Finally endow P with the refined 
topology induced by compact generation. With this topology, P is the push-out of the 
diagram ([5]) in the category of topological groups. A complete description of the pushout 
of topological groups is given in ,4, §2]. 

The homotopy type of Symp(M^) was computed by Anjos-Granja in [4 . To explain 
their result, recall first that the Hirzebruch surface Wi is given by 

W^ = {{[zQ,zi], [wo,wi,W2]) G CPI x Cp2|z>i ^ zIwq}. 

It is well known that the restriction of the projection tti : CP x CP -^ CP to Wi endows 
Wi with the structure of a Kahler CP -bundle over CP which is topologically 5^ x 5^ if i 
is even and CP #CP if i is odd. Let's write B for the homology class of the base of the 
trivial fibration M = S'^ x 5^, i.e. for [5^ x {pi}], write F for the fiber, i.e. for the class 
[{pi} X 5^]. We will also use the same letters B,F to represent the base and the fiber of 
5^ X 5^ = P X P. The group 50(3) x 50(3) can be considered as a subgroup of Symp(M^) 
by letting each factor acts on the corresponding factor of Af^ and the group 50(3) x 5^ is 
also a subgroup of Symp(M^) by carrying through the symplectomorphism W2 -^ M^ the 
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Kahler isometry group 50(3) x S^ of the Hirzebruch surface W2 (see [Il[3l|8]). Here the 
5^-factor is the rotation in the fibers of W2 - it is therefore the "rotation" in M^ = 5^ x S*^ 
of the fibers (of the projection onto the first factor) round symplectic surfaces in class B+F 
and B - F, whereas 50(3) is a hft to W2 -^ CP^ = S'^ of the group 50(3) on the base. 
This gives two subgroups of Symp(M^) and it turns out, by a result of Abreu [1], that 
the first factor of 50(3) x 5^ can be identified with the diagonal in 50(3) x 50(3). Thus 
diagram ([5]) can be completed with Symp(M^) in fourth position. This induces a map 
from P = (50(3) x 50(3)) Uso{3)i^O{3) x 5^) to Symp(Af^) by the universal property 
of pushouts. It was proven in [5 that 

Theorem 2.1 (Anjos-Granja). //O < /i — 1 < 1, then the latter H-map 
P = (50(3) x 50(3)) W (50(3) x 5^) -^ Symp(M^) 

SO(3) 

is a weak homotopy equivalence. 

Next we compute the homotopy type of Symp(Mp,c) as topological group. Using the 
same notations as in [8, , let the 2-torus T^ be the group of Kahler isometrics of the blow 
up Wi^c of the Hirzbruch surface Wi at a standard ball of capacity c < 1 centered at a 
point on the zero section of Wi [H Prop 4.4 and Prop 4.5]. Each torus T^ gives rise to 
an abelian subgroup of Symp(M^^c) that we will denote by T^. When /i G (1,2] and 
c > /i — 1, only the tori Tq and T^ exist. It turns out that the first torus is the product 
5^ X 5^, that can be considered as subgroup of the group 50(3) x 50(3) of diagram 

(5) (when Symp(M^_c) is thought of as the subgroup of Symp(Afp) that preserves - not 
necessarily pointwise - the ball of capacity c - see |8l ) . The second torus may be viewed 
as the subgroup 5^ x 5^ C 50(3) x 5^ where the second factors are identified and where 
the first 5^-factor is included in 50(3) as the subgroup of the Kahler isometrics of W2 
that preserves a point on the section at infinity of W2 ■ This yields the diagram 

(6) 51 ^^Tg 



Tf Symp(M^,e) 

The key point to find the homotopy type of Symp(M^^c) is to notice that the Pontryagin 
ring if*(Symp(M^^c)) is the pushout of H^[T^) and H^{T^) over H^{S^), i.e. 

Proposition 2.2. Let k be a field. The diagram 

(7) H,iS';k) -H,{Tl,k) 



H,{Tl; k) *- iJ,(Symp(M^^,); k) 

is a pushout square in the category of k-algebras (there is an entirely analogous description 
of the pushout in the category of associative k-algebras, see 'Aj §2]J. 
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Proof. In order to prove this result we need to compute the Pontryagin ring iJ* (Symp(Af^^c) ; k) 
where k — Zp, with p prime or k = Q. We will show that the generators of the Pontryagin 
ring with Zp coefficients are the same as those with rational coefficients. The argument to 
compute these rings follows closely the one of Section 2 in [3] , where the Pontryagin ring 
-ff*(Symp(M^); Z2) is computed. Moreover, we will see that the ring we want to compute 
is very similar to the Pontryagin ring i?»(Symp(M^); A:) when 1 < ^ < 2 and k = Zp, 
p > 2 or fc = Q, given in Theorem 3.1 in [3]: 

iJ4Symp(M^); A:) ^ A(y3) -^ fc(i, X3)/i? 

where degj/3 = deg^s — 3, degi = 1 and R = {t^,x\). In this expression k{t,X3) denotes 
the free non-commutative algebra over the field k generated by t,X3, and A(y3) denotes 
the free graded commutative algebra over the same field generated by 1/3. We are going 
to see that in our case the ring structure is the same except that the generators have all 
degree 1. Here we will summarize the whole argument by stating the main steps of that 
computation. 

Let J7^ c be the space of almost complex structures tamed by the symplectic form in 
Mf^^c- Recall from [8] that the space J"^^c is a contractible space, and when < /i— 1 < c < 1 
then it is the union of an open, dense, and connected stratum j7o with a codimension 2, 
co-oriented, closed submanifold J7i. More precisely, each stratum J'i is equivalent to the 
quotient Symp(A/^.c)/T'i therefore we have two homotopy fibrations 

f, -^ Symp(M^,e) ^ J,, i - 0, 1. 

Pinsonnault proves in |llj that the inclusion Ti —>■ Symp(Afp^c) induces an injective map 
in homology for any field coefficients. From the Leray-Hirsch Theorem it follows that the 
spectral sequence of the fibration collapse at the iJ2~term, and we obtain the following 
vector space isomorphisms 

(8) iI,(Symp(M^,,);fc)^iJ,(J,;fc)®i?,(f,;fc), i = 0, 1. 

Let us denote by x, z the generators of the homology of Tq and by y, t the generators of 
the homology of the first and second factors of Ti , respectively. It is easy to see that the 
generator y commutes with z since it corresponds to the generator of the diagonal in Tq. 
It is clear that it also commutes with t. Recall that for any group G the Samelson product 
[x, y] G TTpjf.q{G) of elements x G T^p{G) and y e T^q{G) is represented by the commutator 

SP+q = SP X SySP V S"? -^ G : (u, w) !-> x{u)y{v)x{u)-^yiv)-\ 

The Samelson product in tt, (G) is related to the Pontryagin product in _ff*(G, Z) by the 
formula 

[x,y] =xy- {-l)\x\\y\yx, 

where we supressed the Hurewicz homomorphism p : 7r*(G) — > H^,{G) to simplify the 
expression. One can show that the commutator w — [a;,t], arising from a Samelson 
product, does not vanish. The argument for the proof of this fact is the same as in 
section 2.2 of [3]. The next step is to show that the generators of the Pontryagin ring 
-ff»(Symp(Af^_c); fc) are in fact t,x and y. Again we use the same method used in [3], 
more precisely, in section 2.3. The main ideia of the proof is to consider the subring 
-R* C 7J, (Symp(Mp_c); k) generated by t,x and y and to assume there is a non- vanishing 
element in _ff*(Symp(Af^_c); k) — R^. Then, using mainly the isomorphisms ([5]), we show 
that this leads to a contradiction. 
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Finally we can compute the Pontryagin ring: 
Proposition 2.3. //0</i — l<c<l then 

7J,(Symp(M^^,);fc) = (^k{t,x)/RJ ® Aiy) 

where R = (t^, x'^), dcgy = dcgx = dcgt = 1 and fc = Q or k = Zp with p prime. 

In order to prove this proposition we note that we already know that the generators of 
the Pontryagin ring are t, x and y. Therefore it is sufficient to show that the only relations 
between them are the ones in R, the commutativity of y with x, and y^ = coming from 
the definition of the exterior algebra A(y). An intermediate step in this proof is to show 
that the isomorphims ([8]) are in fact given by the Pontryagin product. More precisely, it 
is not hard to see that we can choose right inverses Si : H^{Ji]k) -^ iJ*(Symp(M^^c); fc) 
of pi^, i.e., such that Pi^o Si = id. Then one can show that the maps 

tpi : H^{Ji:k)®H^{f,]k) -> i/4Symp(M^,c); A:) : u ® v ^ s,(u).j,,(w) 

given by Pontryagin product are isomorphisms. Using these we prove that the only rela- 
tions in _ff*(Symp(M^^c); k) are indeed the ones mentioned above. The complete argument 
can be seen in section 2.4 in |3]. 

This completes the proof of Proposition 12.21 D 



Remark 1. Notice that in the computation of the Pontryagin ring of Symp(Mp) it is 
necessary to distinguish between p — 2 and p > 2. However, in the computation of the 
Pontryagin ring of Symp(M^.c) this distinction is no longer needed since the 2-torus, in 
contrast to SO{3) does not have 2-torsion. 

Let P be the pushout of the diagram of topological groups 
(9) S^^T^ 



rp2 

where A is the inclusion onto the diagonal and i is the inclusion onto the first factor. 
We can now state the result for the topological group Symp(Af^.c)- 

Theorem 2.4. //0</i— l<c<l, then the H-map 

si 
is a weak homotopy equivalence of topological groups. 

Proof. First we need to recall Theorem 3.8 in 4 . It claims that under the assumption 
that the homomorphisms involved induce injections on homology, the following pushout 
of fc-algebras 

H4Bi;k) [] H,{B2]k) 

H,(Bo;k) 
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is isomorphic, as an algebra, to the Pontryagin ring H:,{G; k) where G is the amalgamated 
product of the topological groups Bi and B2 over the common subgroup Bq- It follows 
from this theorem and proposition 12.21 that the canonical map 



P -^ Symp(M^,c) 

is a homology equivalence with any field coefficients. Hence it is an equivalence on integral 
homology. Since both spaces are 7J-spaces, it follows that it is in fact a weak equivalence. 

n 

Therefore we obtain the following commutative diagram 

(10) TgUs^Tl ^ ^{SO{3)xSOi3))Usoi3)iSO{S)xS^) 

f 
Symp(M^,e) ^ ^Symp(Af^) 

where the vertical arrows are weak homotopy equivalences (as topological groups). 
We are now ready to state the main result of this section 

Theorem 2.5. //O < /i— 1 < c < 1, the topological space 3Emb(^(c, /i) is weakly homotopy 
equivalent to the quotient P/P of the two pushouts; moreover, this quotient space is the 
total space of a non-trivial fibration 

n^^so{3)/ns^ — > P/P — > s^ X s"^ 

where the inclusion of the group flS^ in J7E^S'0(3) is induced by the map S^ — > Y}^S0{3) 
that corresponds to the generator of the fundamental group of 5*0(3). This fibration has a 
continuous section and splits homotopically, i.e. 

7rfe(3Emb^(c,M)) ^ nk{n^^SOi3)/nS^) (B ^kiS^ x S^). 

Proof. First we define explicitly the map h : P/P -^ 3Emb. Let a E P/P, i.e. a = aP, 
where a € P. We define h{a) as the image of the composition /(a) o i^ where ic is the 
standard symplectic embedding of B*{c) in A/^. It is obvious that h is well defined because 
/ is an iJ-map and /ip = ./ up to homotopy. Indeed, if we choose another representative 

of the same class a G P/P, for example, ab — abP, with b E P, then h{ab) is given by 
the image of the composition f{ab) o i^.. Because / is an H-map this composition is equal 
to /(a) o /(6) o i^ ~ f{a) o f[b) o i,, up to homotopy. But f{b) G Symp(Af^^c) and this 
group is homotopy equivalent to the group of symplectic diffeomorphisms that preserve 
(not necessarily pointwise) the image Be of i^ Symp(M^, i3c) (see ^ Lemmas 2.3 and 
2.4]). It follows that up to homotopy f{h) £ Symp(M^, i3c). Hence the image of the 
composition /(a) o f{b) o i^ is the same as the image of /(a) o i^ and we conclude that the 
map h is well defined up to homotopy. 

Therefore we obtain the following homotopy commutative diagram 

P ^ *-P ^P/P 

/ 

Symp(M^,e) ^ ^ Symp(M^) *- 3Emb 
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By the 5-lemnia, since the first two vertical arrows are weak homotopy equivalences, so is 
the last one. 

It remains to describe the quotient P/P in more detail. Let X C S0{3) x S0{3) denote 
the image of a section (we require that this section be a homomorphism, so X is a subgroup 
of S0{3) X SO{'S)) of the principal fiber bundle 

50(3) X SO{3) — > S0{3) 

defined by quotienting 5*0(3) x 5*0(3) by the diagonal 50(3)-action (for instance, {id} x 
50(3) is such a section of 50(3) x 50(3)). The base is not canonically identified with 
50(3) but, because the set of principal 50(3)-bundles over 50(3) is trivial, we can find 
an identification making {id} x 50(3) a section. Consider the following commutative 
diagram: 

50(3) ^ 50(3) X 50(3) 



50(3) X 51 -^^ 50(3) X 50(3) x 5^ 

where 171(0,6) = (a, 6,1) and g2{c,d) — {c,c,d). The universal property of the pushout 
gives us a canonical continuous homomorphism 

(11) P — > 50(3) X 50(3) X 51 

which is explicitely defined by mapping a sequence xi . . . a;„ to the usual product in 50(3) x 
50(3) X 5^ of the elements x[ . . . x'^ where if Xi is equal to (a, 6) in 50(3) x 50(3), then 
x\ is (a, 6, 1) and if Xi is equal to (c, t) in 50(3) x 5^, then x\ is (c, c, i). 

Let [5-^,X] denote the set of commutators \c,x\ — c~^x~^cx in P with c £ S^ — {1} 
and X G X — {1}. Using the description we gave of the pushout of groups as a set of 
finite sequences with a certain equivalence relation it is not hard to see that the set of 
commutators [5^, X] (this set is independent of the choice of section) is contained in the 
kernel of the canonical group homorphism (fTT|) . Moreover, the kernel is the free group 
generated by this set of commutators (see a similar proof in [T2', Chapter 1,§ 1]). Thus we 
have a short exact sequence of topological groups 

F[S^,X] — >P — > 50(3) X 50(3) x S\ 

Similarly let X C S^ x S^ denote the image of a section of the principal fiber bundle 

S^xS^ — > 5I 

determined by quotienting 5^ x 5^ by the diagonal 5^ action and consider the canonical 
group homomorphism 

P — > S^ xS^ X S^. 
We obtain another short exact sequence of topological groups, in this case given by 

F[S\X] — >P — >S^xS^ xS^. 
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We can therefore write the following commutative diagram 
(12) F[S\X] — ^p ^S^xS^xS^ 



F[S^,X] 

■kf 

" 

F[S^,X] 
F[S^,X] ' 



-^ P — ^^ SO{3) X 5-0(3) X S^ 



■ P/P- 



SO(3)x50(3)xS^ 
51x51x51 



It is easy to check that the two upper squares commute: that is to say ip oi — i o ip 
and is ° TT = n o ip. The quotient spaces in the bottom row are Hausdorff spaces and 
the maps ttbtT^f and ttp are open and continuous. The maps n and i are induced by the 
maps n and i respectively. If [a] G P/P and [c] G F[S^,X]/F[S^,X] then those maps 
are defined by 

7f([a]) = 7f(aP) = {-KB o 7r)(a), 
ii[c])=iicF[S\X])^i7rpoi){c). 

They are well defined because tt and i are group homomorphisms. Moreover, since the 
maps i, TT, TTp, TTp and ttb are continuous, it follows easily that the maps tt and « are 
continuous too. 

The bottom row in diagram (|12p is the quotient of the two fibrations of groups on the 
first and second row. It is therefore a fibration too. We claim that there exists a continuous 
section a of tt . First note that both n and tt have continuous sections a and a given by: 

cr(a, 5, t) = (a, b) (1, t) a{a, 5, t) = (a, b) (1, t). 

This, by the way, implies that these two principal fibrations split topologically. However, 
the section a is not a homomorphism and therefore does not immediatly descend to a 
section of n. But the restriction of a to the first two factors, i.e., to 5*0(3) x 50(3) x {1} 
is obviously a group homomorphism, and therefore descends to a section 

50(3) X 50(3) _ 50(3) x 50(3) x 5^ 



51 X 51 S^ xS^ X 51 

Hence the long exact homotopy sequence of the fibration 

_ ~ 50(3) X 50(3) 

' 51x51 

breaks up into a family of short exact sequences 



P/P. 







TTfc 



/F[S\X] 



MP/P) 



\F[S\X] 
Each of these sequence splits and therefore 

'F[S\X] 



TTkiP/P)~TTk 



F[S\X] 



®TTk 



/50(3) x50(3)\ 
"H 51 X 51 j 



(s_m^^Y,,^, 






51 X 5 






In the quotient (50(3) x 50(3))/(5i x 5I) each 51 factor is contained in the corre- 
sponding 50(3) factor, hence the quotient is homeomorphic to the space 

50(3)75^ X S0{3)/S^ « 52 x 5^. 
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Finally, it follows from the theory of amalgamated products of topological groups that 
the spaces [5'^,X] C P and [•S'^jX] C P are homeomorphic to S50(3) and T,S^ respec- 
tively. Writing FY for the free topological group generated by the space Y, we have 
FY ~ f^SF. It follows that F[S^,X]/F[S^,X] ~ nT,^SO{S)/nS^. 

It remains to show that the fibration 

(13) nj:^so{3)/ns^ -> p/p -^s"^ xs^ 

is non trivial although the fibrations at the top and middle rows in diagram (|12[) are. 
Note that the quotient fibration above is not a principal bundle; the existence of a section 
implies the splitting of homotopy groups but not the splitting of the fibration. This non- 
splitting is an immediate consequence of the computation of the rational cohomology ring 
of3Emb^(c, ^) (cf. Theorem ll.il l.b) or corollarv l6.ip . 

n 



From Theorem 12.51 it follows easily that: 

Theorem 2.6. If < fi — I < c < 1 then the topological space Embc^ (c,/i) is weakly 
homotopy equivalent to the pull-back of the fibration 

nj:^so{3)/ns^ -^ p/p -^ s^ x s^ 

by the fibered map F^ —> S'^ x S*^ where F^^ is the space of symplectic frames over M^ = 
S^ X S\ 

We leave the details of the proof of this result to the reader. 

3. The minimal models of Symp(Af^) and of Symp(Af^_c) 

First recall that in order to be applicable to some given topological space, the theory of 
minimal models does not require that the space be simply connected. We just need that 
the space has a nilpotent homotopy system which means that tti is nilpotent and 7r„ is a 
nilpotent TTi-module for n > 1. Since the groups of symplectomorphisms Symp(M^) and 
Symp(M^_c) are i/-spaces, it follows that they have a nilpotent homotopy system, because 
for a iJ-space tti is abelian and is therefore nilpotent, and moreover tti acts trivially on all 
7r„'s. On the other hand, 9Emb is simply connected because from computations in [3l[8] 
we know that the generators of 7ri(Symp(M^)) lift to the generators of 7ri(Symp(M^_c))- 
Therefore the theory of minimal models is applicable to all spaces under consideration. 

Recall that a model for a space X is a graded differential algebra which provides a com- 
plete rational homotopy invariant of the space. Its cohomology is the rational cohomology 
of the space. The model can be constructed from the rational homotopy groups of X. In 
this case, it is always minimal, which implies that there is no linear term in the differential 
of the model, i.e the first term is quadratic. When there are no higher order term (i.e all 
terms are quadratic), then Sullivan's duality can be expressed in the following way: 

dbk = ^{h, [bi,b.j])b.fij. 

where the (a, 6) denotes the a-coefficient in the expression of 6, and where the brackets 
denote the Whitehead product. Finally, when X is a H-space, as it is the case of both 
Symp(M^) and Symp(Af^t_c), all Whitehead product vanish and the differential too. 

From these considerations and the computations of the rational homotopy groups of 
both Symp(M^) and of Symp(M^_c) in [IllH]) we have: 
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• The niinimal model of Synip(A/^,c) is A{t,x,y,w), the free graded algebra gen- 
erated by the elements t,x,y,w with degrees degt = degx — degy = 1 and 
degw = 2. 

• The minimal model of Symp(M^) is A{t, x, y, w), the free graded algebra generated 
by the elements t, x, y, w with degrees deg t = 1, deg x = deg y = 3 and dcg w = A. 

Let's now explain what these generators are. 

The element t in 7ri(Symp(A/^)) is the rotation in the fibers of the Hirzcbruch surface 
W2, once identified with Wq = S*^ x S"^; it is therefore the rotation in the fibers of Wq = 
B X F round the two fixed symplcctic surfaces in classes B — F, B + F represented by the 
graph of the ± identity map from the base B to the fiber F. The element i is the blow-up 
of t at the fixed point ([1,0], [0,0, 1]) G W2 identified with the center ic(0) e S^ x S^ of 
the standard ball Be- The element x is the 3-dimensional sphere generating 7r3(50(3)) 
where 50(3) is considered as acting on the first factor in the obvious way, the element 
y corresponds to the case when 50(3) acts on the second factor; the elements x, y are 
the blow-up of the S^ part of that action that leaves the point tc(0) G 5^ x 5^ invariant. 
Finally, both w and li are symplectic elements that do not correspond to Kahlerian actions 
(i.e a symplectic action preserving an integrable complex structure compatible with the 
symplectic form): w is the Samelson product of t and x, while w is the Samelson product 
of t and X. 

4. The minimal model of SEmb^^ (c,/i) 

Any fibration V ^^ P ^ U for which the theory of minimal models applies (i.e. each 
space has a nilpotent homotopy system and the tti of the base acts trivially on the higher 
homotopy groups of the fiber) gives rise to a sequence 

(A([/), du) ^ (A(t/) ® A{V),d) -^ {A{V),dv) 

where the differential algebra in the middle is a model for the total space. Let d|(7,djy 
represent the restriction of the differential d to U and V respectively. The theory of 
minimal models implies that 

d\u = du 
d\v = dv + d' 
where d' is a perturbation with image not in A{V) 
We have the fibration 

Symp(M^,c) — > Symp(Afp) — > 3Emb^(c, ^) 

and want to find the model for SEmbij (c, /i) . We know its algebra since we know, from 
Lalonde-Pinsonnault [8J, its rational homotopy groups for c > /i — 1: 

TTi = 0, TTa = Q^ TTs = Q^, TTi = Q, and 7r„ = for all n > 4. 

Therefore the algebra is A(a, 6, e, /, g, h) where deg e = deg / = deg g = 3, deg a = deg b = 
2 and deg h = A. Thus we get the following fibration 

A(a, 6, e, /, g, h), du — » A(a, 6, e, /, g, h) ® A{i, x, y, w), d — > A{i, x, y, w), dv 

The differential d satisfies d^u = du and d^y ^ dy + d' = d' . So in order to find the 
differential du for A{a,b,e, f, g,h) it is sufficient to compute the differential d for the 
model A(a, 5, e, /, g, h) ® A(i, x, y, w). We need to compare this model with the minimal 
model A(t, x, y, w) of Symp(M^) given in the last section. 
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4.1. Computation of the differential d. Let us first apply tlic simplest method of 
dimension counting. That method yields easily the following partial results: 

Lemma 4.2. Without loss of generality, one may assume that the differential d satisfies: 

dt = 0, dx = a, dy = b, dw ~ g 

(and therefore the differentials of a,b,g vanish). Moreover de and df must be quadratic, 
equal to (perhaps vanishing) linear combinations ofa^,b^,ab. 

Proof. Since the middle term computes the rational cohomology of Symp(M^), we need 
exactly one generator of degree 1. There is no loss of generality in assuming that it is i: 
dt = 0. It follows that dx and dy must be different from otherwise we would have too 
many generators in cohomology in dimension 1. By the theory of models for fibrations, 
the perturbation d' has image not in A{t,x,y,w). Therefore, without loss of generality, 
we may set: 

dx — a, dy — b 

which implies that da = db = 0. 

Now lets compute dii. It does not vanish because there is no generator in the cohomology 
of Symp(M^) in dimension 2. The theory of rational models for fibrations implies that 
the perturbation d' is dual to the boundary operator d : tt, (_B) Cg) Q ^ tt*{F) eg) Q. Since 
dg = w, we conclude that d'w ~ g, which means that dw = g and implies that dg = 0. 
Now we need to determine the values oi de and d f. They are linear combinations of 

0, a , 6 , ab, and h. 

However, it is obvious that h cannot appear in the differentials of e, / since the coefficients 
of h in both de and df would have to be the same in order to get a cycle e — /, but 
then one would only get a one-dimensional cohomology group in dimension 3 instead of a 
two-dimensional one. D 

Remark 2. In what follows it might be useful to have in mind the following differentials: 

d{a Ox) = a^, d{b (^ x) — ab, d{a ® y) ~ ab, and d{b ®y)=b'^ 

and note that all choices of a^,b'^,ab for de and df lead to the same cohomology of 
(A (g) A, d -I- d'), that is to say to the cohomology A{t,x,y,w) with generators of dim 
1,3,3,4 respectively. Indeed, one may quotient out (A (g) A, d -f d') by the ideal generated 
by X, y, a, b, w, g, since all these elements kill each other. Note that this ideal contains 
a'^,b'^,ab. Thus we get A{t,e, f,h) with trivial differential, which is precisely what we 
are looking for, i.e it agrees with A(t,x,y,w). This shows that, using the ranks in coho- 
mology alone, one cannot decide (among the choices a'^ ,b'^, ab) where e, / are mapped to 
by the differential. And unfortunately, different choices lead to different cohomology for 
A{a,b,e, f,g,h),d. For instance, the choice de = a^,df = b^ is different from the choice 
de — a^,df — b^ because in the second case, we get the cycle e — / in dim 3. 

To resolve the question, i.e to find the precise values oi de,d f and d h, lets first compute 
the Whitehead products [a, a], [a, b], [b, b] in the rational homotopy of 3Embij(c, fi). If the 
total space of the fibration Symp(M^c) -^ Symp(My^) — + 3Embt^(c, ^) was contractible, 
computing such products would boil down to computing the Samelson product of corre- 
sponding elements of the fiber. But our total space is not contractible, and we have to 
take also into account an horizontal part in the Whitehead product. 
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Lets US briefly describe the generators of A(t/), i.e. the generators of the rational ho- 
motopy groups of 3Emb(^ (c, /i) . The group Symp(M^) acts on 9Embij(c, ^) hy (p ■ A = 
image {(P\a) with stabihzer equal to Symp(M^, Be), the subgroup of symplectic difleomor- 
phisnis which preserve (not necessarily pointwise) Be, the image of the standard embed- 
ding of the ball of capacity c of R^" in M^. As we said in §[l] this leads to the following 
homotopy fibration: 

(14) Symp(M^,,) ^ Symp(M^) ^ 3Emb^(c,M). 

The elements e, / and h are the images by the action of Symp(Af^) on 3Embt^;(/i, c) of 
the elements x, y and w of 7r*(Symp(M^)) (g) Q. The elements a, b are uniquely defined as 
those spheres in the base of that fibration whose lifts to the total space Symp(M^) are discs 
with boundary on the fiber equal to x and y respectively. These lifts are unique because 
7r2(Symp(M^))(g)Q vanishes. Finally, we choose the element g in the following way. Its lift 
to the total space is a class in 7r3(Symp(M^), Symp(M^_c)) (8) Q (= 7r3(3Embij(c, /z)) (8) Q) 
whose boundary is equal to w = [t, x]s where [•, -Js is the Samelson product. Such a lift is 
not unique. To make it unique, we define it by first taking the 2-disc D^ C SO{3) = x C 
Symp(M^) whose boundary is equal to 2x, and then taking the commutator of t and D^- 
This yields a 3-disc D lying inside [t, x]s = w, whose boundary is the Samelson product 
2[i, i] = 2w. Set g = D/2 e 7r3(Symp(M^), Symp(M;,,e)) <» Q. 

Lemma 4.3. The Whitehead product [a, b] vanishes, and 

[a, a] = e [b, b] = /. 

Proof. Consider the following commutative diagram: 

Symp(M^,e) Sympp(M^) 

i i 

Symp(M^) = Symp(M^) 

i i 

SEmb^(c,^) ^ M 

where Symp (M^) is the group of symplectic diffeomorphisms that fix a point p, the 
last horizontal map assigns to each unparametrised ball its center (well-defined up to 
homotopy), and where the last downward arrow is the evaluation map at the point p. 
Write 

[a, a] = ae + f3f + 73. 
Applying l^ to this equation yields 

[Xi,Xi] = aYi+f3Y2 

where X, Y are the generators of 7r*(S'^) Q and Xi, Yi their images in the z*'* factor of 
S^ X S^. But [X, X] = Y in the rational homotopy of S*^, so a = 1 and /3 = 0. To compute 
7, recall that a is defined as the element whose lift to Symp(M^) is x and similarly, g is 
the element whose lift is w. Hence the value of 7 is given by: 

[x,x]s = -iw. 

Because x commutes with itself, 7 vanishes. Hence [a, a] = e. The case of [b, b] is simi- 
lar, and the fact that [a, b] vanishes is proved by the same argument and the facts that 
[Ari,Ar2] — and [£,y]s = 0. The first fact obviously holds because [Xi,X2] is the ob- 
struction to extend the inclusion map (5^ x {pt}) U {{pt} x S^) — > S"^ x S"^ to a map defined 
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on S^ X S^. The product [i,y]s vanishes because x,y are S^ actions of the same 2-torus, 
and therefore commute. D 

Recall that Sullivan's duality implies: 

dbk^^ <bk, [bi, bj] > b^bj. 

Therefore, the last lemma implies that: 

du{e) — a and du{f) = 6". 

It remains to compute dh. 

Lemma 4.4. The differential d satisfies dh — kbg where k is a non zero rational number. 

Proof. Notice that rf/i ^ if and only if i?'*(3Embij(c, /i); Q) is one dimensional. Indeed, 
if d/i 7^ there is only one element remaining in degree 4, namely ab. Hence, in that 
case, we have dh = gr where r is a non-zero linear combination of a and 6, since there 
are no closed classes in degree 5 except for gr. Moreover, there is a constant k y^ such 
that dh = kbg, because the Whitehead product [a,g] vanishes. Indeed, recall the 2a is the 
projection on the base QEmb^^ (c,/i) of the 2~disc Z3j C D defined above, while 2g is the 
projection of the 3-disc D C [i,x]5 — w. Therefore a C g and their Whitehead product 
must vanish since 7r4(S''^) (X) Q = 0. 

Let G denote the symplectomorphism group of Af^, Symp(Af^), and K a suitable 
subgroup that can be identified with the group of symplcctomorphisms of M^ blown up at 
an embedded baU, Symp(M^,c). We wiU show that i/4(!3Emb,^(c,/i); Q) = H'^{G/K;Q) 
is one dimensional by using an argument that uses the Eilenberg-Moore spectral sequence 
for the fibration G/K -^ BK -^ BG. This spectral sequence, which is a second quadrant 
spectral sequence, converges to H*{G/K; Q) and the i?2-term is given by 

El^'^Torj;:l^^^iQ,H*{BK)). 

We follow Paul Baum's paper [SI Section 2] to calculate these Tor groups. Let A be 
a graded Q-algebra and, M and N be A-modules. Then TorA(M, A^) is the bigraded 
Q-module obtained as follows. Consider a projective resolution i? of M over A given by 

f(-2) H-1) f(0) 

i? = { ■ ■ • ^ i?(-2) ^ i^(-l) ^ R{0) — ^ M ^ }. 

Let L be the bigraded differential Q-module defined by LP'^ = {R'^p'' ® t^Nf with d : L^'i -^ 
j^p+i,q giygj^ ^jy y(p) ^^ ^^^ Tota{M,N) is the homology of L, that is Tor^''^(M, TV) = 

In our example we have A = H*{BG;Q), M = Q and N = H*{BK;Q_). In order to 
calculate the cohomology rings of BG and BK note that Theorem 12.41 implies that the 
map BK -^ BG is equivalent to the map of homotopy pushouts of the following map of 
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diagrams: 



BK, 




BKi 



^BGo 



BKo 



-^BGi 



BGo 



where d = 50(3) x S0{?,), G2 = 50(3) x S^ and Go = 50(3) seen as the diagonal 
subgroup of Gi and first factor in G2 . The groups Ki C Gi are the standard maximal tori 
as seen in Section [2l A simple calculation, using the Mayer- Vietoris sequence, then gives 
the cohomology ring of the space BK 

H*{BK;Q) = Q[z,r,s]/(z{r~ s)), where |r| = |s| = |z| = 2, 

and the cohomology of BG can be identified with the subring 

H*{BG; Q) - Q[z, r\ s^]/{z{r^ ~ s^)). 

We need to construct a projective resolution for Q as a iJ*(i?G)-module. We can do that 
by means of the augmentation of A, e : Q[z, r^, s^]/ {zlr^ — s^)) ^ Q ~ hP . Therefore we 
may calculate these Tor groups using the following resolution (called the Koszul resolution) 

A(a,/3,7,(5)®Q[z,r2,s2]/(z(r2-s2))^ 

with differentials given by 

(15) d{a) = z, d{(3) = r^, ^(7) = s^, d{5) = a{r^ ~ s^). 

Here A(a, /3, 7, 5) denotes the free (bi)graded algebra on elements a, /3, 7 and 5 in bidegrees 
(—1, 2), (—1,4), (—1,4) and (—2,6) respectively. The above complex is a module over 
Q[z, r^, s^]/(z(r^ — s^)) which is graded in external degree zero, i.e. lies in grading (0, *). 
It follows that the Tor groups of interest are the cohomology of the complex 

A(a,/?,7,(S)cg)Q[z,r,s]/(z(r-s)). 

Here we use the identification of H*{BG;Q) as a subring of H*{BK;Q) and under this 
identification the differential of the complex above satisfies the equalities (IT5|) and d{T] (g) 
u) = dr]®u with 77 G A(a, /?, 7, 5) and u e Q[z, r, s]/{z{r — s)). Any class in total degree 
4, which is in negative external degree may be written as 2:4 — ci5 + C2a[3 + C3a7, where 
ci, C2 and C3 are constants. For it to be closed we need 



Cia(? 



'-) + z(c2/3 + C37) - a(c2r2 + cas^) = 



which can happen only if ci = C2 = C3 = 0. Hence the only closed classes are in external 
degree zero, and therefore, the only class in Tor in total degree 4, is generated by rs. D 
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This gives: 

Theorem 4.5. The minimal m,odel o/ 5Enibij(c, /i) is 

A(3Emb^(c, ^)) = A(a, 6, e, /, 5, /i) = K{S'^ x 5^) A(g, h) 

with generators in degrees 2,2,3,3,3,4 and with differential 

due = a , duf = b , djjg ~ djja — djjb — 0, dijh — kbg, 

where A{S'^ x 5*^) is the minimal model for S^ x S^ and k is a non zero rational number. 
Then the rational cohomology ring 0/ 3Enibt^(c, /i) is equal to the algebra 

H*{^EmK{c,fi);Q) = A{a,b,c,gh, . . . ,gh'\ . . . ,bh, . . . ,bh^, . . .)/{a^b^bg) 

where n €N (see the computation of this cohomology ring in corollarv \6.1\) . It is therefore 
not homotopy equivalent to a finite- dimensional CW- complex. 

5. The minimal model of Embij(c, //) 

In this section, we compute the minimal model of the space Embtj(c, /i) of parametrised 
symplectic balls. Consider the fibration U(2) -^ Enihui{c,fi) — > 9Embij(c, /i). First ob- 
serve that this fibration is the restriction to B,. of the fibration Symp(M^ c) — * Synip(M^) -^ 
QEmbij (c, /i) . This can be expressed by the following commutative diagram: 

Symp''i-^=(Af^) ^ Symp''^^\Mf,,B,) ''^A*'' C/(2) 

II i i 

Symp''i'^=(M^) -> Symp(AfJ ''A*'' Emb^(c,M) 

{Be} ^-> 5Emba)(c, /i) — 3Embt^(c, /i) 

where restr is the restriction to the standard embedded ball Be C M^, Symp ^ ' (M^, Be) 
is the subgroup of Symp(il/^) formed of diffeomorphisms that preserve the ball Be and 
act in a U{2) linear way on it, and Symp''^''^^ (M^) is the subgroup of Symp(M^) formed 
of the elements that fix the ball Be pointwise. Recall that there is a natural homotopy 
equivalence between Symp ^ •'(M^,Sc) and Symp(M^_c), so the vertical fibration in the 
middle is equivalent to the fibration Symp(M^^c) —^ Symp(A/^) — > SEmb^^ (c,/i) in [8]. 
We also have the commutative diagram: 

C7(2) C/(2) 

i _ i 

Emb„(c,Ai) A UFr{M) 

I i 

SEmb^^ (c, /i) -^ M 

where UFr{M) is the space of unitary frames of M, j is the 1-jet map evaluated at the 
origin (followed by the Gram-Schmidt process assigning a unitary frame to each symplectic 
one), and where the last horizontal map assigns to each unparametrised ball its center 
(well-defined up to homotopy). 

The minimal model for C/(2) is K{uq,vq) where deg{uQ) = 1 and deg{vQ) = 3. We first 
show that the elements e,f,g,h S 7r^(3Embt^(c, ^)) (g) Q hft to 7r*(Embi^(c, ^)) (g) Q, but 
not a, 5. However the difference a — b does lift. On the other hand only the element vq 
injects in 7r*(Embaj(c, /i)) (g) Q, the element uq is killed. 
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Proposition 5.1. The rational homotopy o/ Embc^ (c, /i) is generated, as module over Q, 
by a single element h in dimension A, by four elements v,e,f,g in dimension 3, and by a 
single element da,b in dimension 2. The elements h,e,f are the images by the restriction 
map of the elements w,x,y respectively. The element v is the image of Vq, da,b is the 
unique lift of a — b andg is a lift of g well-defined up to a multiple of v. 

Proof. Consider the following commutative diagram of long exact sequences 

...^ TTk{U{2))^Q ^ 7rfe(Emb^(c,M))®Q ^ ^fc(3Emb^(c, ^)) Q ^... 

id I j^ I l^ I 

...^ 7rk{U{2))^q ^ TTk{SFr{M))r^Q ^ ^fc(M)«.Q ^... 

Since tt4{M) (g) Q vanishes, h.=i{h) ~ 0, and therefore 9, (/i) = 0. Hence (0,=4 is an 
isomorphism between 7r4(Embj^(c, /i)) ® Q and 7r4(3Embj^(c, /i)) ® Q. Let's denote by h 
the hft of h. 

For fc = 3, the short sequence 

7r3(C/(2)) ®Q^ 7r3(Emb^(c, m)) «> Q ^ ^3(3Emb^(c, m)) ® Q 
splits because, as we just saw h is mapped to 0, and ■n2{U{2)) vanishes. Let's denote by 
V the image of vq and by e,f,g the lifts of e,f,g, all are well-defined except g which is 
defined up to a multiple of the element v. Consider now the sequence 

^ 7r2(Emb^(c, m)) «> Q ^ 7r2(SEmb^(c, m)) ® Q ^ t^i{U{2)). 

The elements a, b are by definition such that they lift to discs 

(t>a,(l)b : I?^ ^ Symp(M^) 

with boundary equal to the elements x,y E 7ri(Symp(M^.c)) €5 Q respectively. Therefore, 
their lifts to Emb^^ (c, /z) (8) Q are the 2-discs 

-ipa^Tpb ■ D"^ ^ Emb^ (c,/i) 

defined by 'ipa,biz) — (pafilsc- Hence their boundaries are the restriction of the loops 
x,y € 7ri(Symp(M^, Be)) ® Q to the standard ball Be C M^. But each of these loops 
preserve Be (not pointwise) and correspond to the generator of tti{U{2)) eg) Q through the 
identification B'^{c){c M^) -^ Be. This proves that each of a and b is mapped to mq by the 
boundary operator of the above sequence. Denote by da,b the lift to 7r2(Embi^(c, /i)) ® Q 
of the clement da.b = a — b. 

Finally, the map 9, : 7r2(3Embt^(c, /i)) Q ^ tti{U{2)) (g) Q being onto, the space 
7ri(Embi^(c, /i)) g) Q must vanish. D 

Let's compute the minimal model of Embt^ (c,/i). By the last proposition, a model of 
Emb(c, /x) is given by (A((i(, (,, e, /,5, f , /i), do)- By minimality, there is no linear term in 
the differential, so do{da,b) — 0, while the constants in the expression 

do(e)^cidl^, do{f) = C2dlf, doig) ^ c^dl,, d^v ^ c^dl^ 
are given, by duality, by 

[da.b, da.b] = cie + C2f + csg + C4V. 
Denoting by p the projection Emb^^ (c,/i) -^ 3Emb(c, /i), we have: 

p*{[da,b, da,b]) = [da,b, da,b] = [o - 6, a - 6] = [a, a] + [6, 6] = e + /. 
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Therefore ci = C2 = 1 and C3 = 0, and we get [da.b, da,b] = e + / + C4V. Now any value of 
this constant leads to the same model, up to isomorphism. Indeed, since dge = dof = d^^^ 
and dgv = Cid^f^, this means that e kills d^^ and thus both / and v can be considered as 
cycles (up to a reparametrization of the basis of the algebra) . 

Finally, the differential of h is given by the coefficient affecting the term h in the White- 
head products [da.bj e]j Ma, 61 /]? [da,bi'g\i [da.bi ^] ■ Projecting on the base of the fibration, we 
see that all these coefficients must vanish, except for the coefficient fc G (Q) in dgh — kda^bg- 
Indeed projecting [da.bilj] ^^ the base we have 

P*{[da,b,g]) = [daM,g] ^[a~b,g]^ [a,c] - [b,c] = -kh, 

since [a, g] — and the differential d of the minimal model of 3Emb satisfies dh — kbg for 
some A; 7^ 0, as seen in Lemma W^ This shows that the differential of h is given by 

doh = -kda^g. 

Denoting by /' and v' the elements / — e and v — 046 respectively, the set {e, /', g, v'} 
is a basis of the 3-dimensional generators. This proves the following: 

Theorem 5.2. A minimal model o/Embt^(c, /i) is {A(da,b,e, f ,]j,v' ,h),dQ) with genera- 
tors of degrees 2,3,3,3,3,4 and with differential given by 

doda.b = dof = dog = dov' == 0, doe = d^,, and doh = ~kda,bg 

where k is a non zero rational number. Then the rational cohomology ring of Emb^ (c, /i) 
is given by 

H*(Emh^{c, fi); Q) = A{da,b, /', 5, f ', 5/1, . . . , gft.", . . . , si, . . . , s„, . . ■)/{dlh, da.bg) 

where Sn = h"~^{hda^b + nkeg) and n G N (see the computation of this cohomology ring 
in corollary \6.4\l- 



6. Cohomology rings 

It is easy to describe the cohomology ring of SEmbc^ (c,/i) with rational coefficients. A 
careful comparation between the Serre spectral sequence of the fibration 

(16) nj:^soi3)/ns^ -^ p/p -^ s^ x s^ 

and Theorem 14.51 together with Theorem 12.51 gives the cohomology ring of SEmbc^ (c, /i) . 

Corollary 6.1. //0</i— l<c<l the cohomology ring 0/ SEmb^^ (c, /i) with rational 
coefficients is given by 

H*{^EmhUc,fi);Q) = A{a,b,c,gh,...,gh'\...,bh,...,bh^,...)/{a^b^bg), 

that is, 

H*(3Emb^(c, Ai);Q) = H*{S^ X S^;Q) » A{g,gh, . . .,gh'\ ...,bh,.. .,bh'\ . . .)/{bg), 

where n ^N, f is a generator of H^{S^ x S'^; Q), and g, h correspond to the generators of 
the cohomology ring H*{nE'^SO{S)/nS^;Q) where \g\ = 3 and \h\ = 4. 
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Proof. First notice that at all odd primes, 50(3) = S^ (more precisely there is only 2- 
torsion in tt* (5*0(3)), so the localization, away from 2, of the two spaces is the same), 
hence the map S^ — > S^S'0(3) is null homotopic away from the prime 2, and consequently 
that the fiber i^T,'^SO{3)/ilS^ is equivalent to the space S^ x i^S^ away from the prime 
2. Hence the cohomology ring of the fiber is given by 

H*{nj:^S0{3)/nS^;Q) ^ A{g) Q[h]. 

We showed in the proof of Lemma [4.41 that H'^{^Emh^{c, iJ.),Q) is one dimensional. This 
implies that in the _E2-term of the Serre spectral sequence of the fibration (fT6|) the dif- 
ferential d2h does not vanish. More precisely, if we had d2h — then h would survive to 
the Eoc page of the spectral sequence and, unless d^g = ab, we would have two generators 
in the cohomology group i7*(3Emb(j(c, /i); Q), namely h and ab. However, we know that 
drg = for all r > 2 since rkiJ'^(3Embcj(c, /i); Q) = 1 as it is easy to verify from the min- 
imal model. Therefore we can assume that d2h — bg. It follows, for dimensional reasons, 
that the generators bh" where n G N survive to the Eao page of the spectral sequence. A 
simple calculation then shows that the elements gh" where n S N also survive to the Eoo 
page of the spectral sequence. Indeed the only way to kill these generators would be in the 
E4 page if d^gh" = abh". However the computation of the minimal model of 5Embij(c, /i) 
implies that rkiJ^"''"'^(3Emb[^;(c, /i);Q) = 1, and it is easy to verify that 5/1", for each n, 
is the single element in dimension An + 3 that can survive to the i?oo~page of the spectral 
sequence. Therefore d^gh^ vanishes for all n G N and this completes the proof. D 

Using a similar argument we can compute the cohomology ring SEmb with Zp co- 
efficients with p prime. Let Fz [x\ denote the divided polynomial algebra on the gen- 
erator X. This is defined to be the free Zp-module with basis xq — 1, a;i,a;2, . . . and 

multiplication defined by XiXj — { . J a;*+^. Moreover, there is an isomorphism 

TzpN ~ 1p[xi,Xp,Xp2, . . ]/ {x\,xl,x^^^, . . .) = 0j>o^p[v]/(^p')- 

Corollary 6.2. //0<^-l<c<l and p^2 then 

H*{^EmhUc,fi):Zp) = A{a,b, g)/{a\b^ ,bg) CS> gT^^ih] CS> bTz^[h] 

where \a\ = \b\ = 2, \g\ = 3, \h\ = 4 and tTz [h], with t = g or t = b, stands for the 
infinitely generated algebra liplrhi, ... ,Th^~ ,Thp, . . . ,Th^~'^ ,Thp2, . . . ,Th^7 , . . .] where 
the generators hi are the generators of the divided polynomial algebra Fz [h] as described 
above. 

Proof. As noticed in the proof of the previous corollary the fiber i^T,'^SO{3)/^S^ is equiv- 
alent to the space S^ x ilS^ away from the prime 2. Therefore we get that 

H*{n^^SO{3)/nS^;Zp)^A{g)^TzM 

where p y^ 2, \g\ = 3 and \h\ = 4. The same argument of the proof of the Lemma 
14.41 using the Eilenberg-Moore spectral sequence, shows that _ff'*(Emb(j(c, /i); Zp) is one 
dimensional if p 7^ 2. Since rk_ff"'"+^(3Embi^(c, /z); Q) = 1 where n e No it follows that 
JJ''"+^(3Emb(j(c, ^); Zp) is at least one dimensional. Then using again the Serre spectral 
sequence of fibration (J16p and an argument similar to the one used in the above corollary 
we obtain the desired result. D 
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Next we will see that 3Emb has Z2-torsion and therefore the cohomology ring with 
these coefficients is not as simple to describe as the previous ones. 

Corollary 6.3. When 0</i— l<c<l, the homology groups with Z2 coefficients of the 
space SEmb^j (c, /i) are given by 

(17) H4^Einh^{c,fi);Z2)^H4S^ x S^;Z2) <» H4nj:^SO{3)/nS'^;Z2). 
Moreover, as an algebra, we have that 

where T denotes the tensor algebra, that is, the free noncommutative algebra on the gener- 
ators Wi and \wi\ — i. Therefore the cohomology ring 0/ ^Emb^^ (c, /i) with Z2 coefficients 
is given by 

H*{^Emh^{c,fi);Z2)^H*iS^ x S^;Z2)(dA 
where A has an infinite number of generators. 

Proof. Since the inclusions ip, ip and ip of diagram (J12p induce injective maps in homology 
with 1j2 coefficients, it follows from the Leray-Hirsch Theorem that we have the following 
isomorphisms as vector spaces 

H*{^Y?SO{'i);'L2) ^ H*{9.'E'^S0{i)/VlS^; Z2) iJ*(f7S'^ Z2), 

iJ*(F;Z2) ^iJ*(P/P;Z2)®iI*(P;Z2) and 
H*{S^ xS'0(3) X 5-0(3); Z2)=iJ*(S'2 x S'^;Z2) ® H*{S^ x S^ x S^;Z2). 

Moreover, since the fibrations n : P —^ S^ x 50(3) x 50(3) and tt : P ^ 5^ x 5^ x 5^ are 
(weak) homotopically trivial then we obtain the following isomorphisms as graded algebras 

H*{P; Z2) ^ H*{S^ X 50(3) x 50(3); Z2) ® i7*(OS250(3); Z2), 

H*{P;Z2) = H*{S^ xS^ xS^;Z2)(E)H*{nS^;Z2). 
The 5 previous isomorphisms yield the isomorphisms 

(18) H*{P/P;Z2) '^H*{nYs'^SO{i)/VlS^;Z2)®H*{S^ x S^;Z2) 

and (fTT]) as vector spaces. 

It follows that the homomorphism i* is surjective and the Serre spectral sequence of 
the fibration p^ collapses at E2. Therefore 

E*^*^e;'* ^H*{nY?SO{i)/VlS^;Z2)®H*{S^ xS^;Z2) 

as bigraded algebras. But this does not directly shows that the isomorphism P^ also 
holds as a graded algebra isomorphism. However, it is clear that H*{P/P;Z2) has a 
subalgebra Tt*{H*{S'^ x S^;Z2)) = H*{S'^ x S'^;Z2). Although it is not easy to describe 
the Z2-cohomology of the space ilY,^SO{3)/ilS^ one can calculate its Z2-homology. To 
to this recall that the homology of fiEX is a Tensor algebra on the homology of X for 
any connected space X. Hence the map flS^ -^ r2E^50(3) corresponds to the obvious 
inclusion of tensor algebras over Z2 : 

T{W2) -^ T{w2,Wz,Wi) 

where T denotes the tensor algebra and \wi\ = i. A spectral sequence known as the Bar 
spectral sequence for a principal fibration, can then be applied to give 

H,{nY?S0[i)/nS'^-Z2) = T{w2,W3,Wi) ®t{w,) Z2. 
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In [7] the reader will find the necessary results on the Bar spectral sequence (cf. Theorem 
4.2) and further references. It follows that the cohomology ring iJ*(SlE^S'0(3)/ri5'^; Z2) 
has an infinite number of generators. From the E2 page of the spectral sequence of the 
fibration ITBl) we can then conclude that 



as graded algebras, where A has an infinite number of generators, but it is not necessarily 
isomorphic as a graded algebra to H*{nT^'^SO{3)/il.S^;Zi2). This isomorphism together 
with Theorem [23] completes the proof. D 



A careful comparation of Theorem 15.21 and the Serre spectral sequence of the fibration 

(19) U{2) -^ Emb„(c,Ai) -^ 9Emb^ (c,/i) 

yields the cohomology ring of Emb^^ (c,/i) with rational coefficients. 

Corollary 6.4. //0<^-l<c<l then 

i/*(Emb^(c,Ai);Q) ^ A(6,/,5,i;,5/i, . . . ,5/1", . . . ,6/1, . . . ,6/1", . . .)/(62,65) 

where H*{U{2)]Q) = A(u,w), |6| = 3 and a,b, g, gh'^,bh"' with n G N correspond to the 
generators of the cohomology ring 0/ 3Embt^(c, ^). 

Proof. From the computation of the minimal model of the space Emb^^ (c, /i) in Theorem 
15.21 it follows that there is no generator in degree 1 in its cohomology ring. Hence in the 
E2-p'<i,ge of the Serre spectral sequence of the fibration (|19p the differential ^2 satisfies 
d2U ^ 0. Therefore d2U is a linear combination of a and b. Notice that the minimal model 
computation also shows that there is no element in degree 4 in the cohomology ring so the 
element ab in the E2-page has to be in the image of d2- We can choose d2U = a and then 
we have d2ub = ab as desired. The computation of the minimal model implies that the 
element ua survives to the Eoo page, as well as the generators v and g, since we should 
have three generators of degree 3 in the cohomology ring. The element ua correponds to 
the generator /. It is not hard to see that the generators g/i" also survive to the -Eoo page 
and they correspond to the generators gh^ in the minimal model. Finally we see that the 
generators 6/i" cannot be in the image of dr with r > 2, so they also survive to the -Boo 
page. Moreover they correspond to the elements s„ = h"-^^{hdafi + nkeg) in the minimal 
model, where n £ N, which clearly satisfy doSn — 0- D 

Remark 6.5. Notice that this cohomology ring is equivalent to the one given in Theorem 
\5.S\ and Theorem \1.1[ Indeed the difference between the two is that here we use the gen- 
erators of the cohomology ring 0/ SEmb^^ (c, /i) to describe the ring while there we use the 
generators of the minimal model. 

Since there is no Zp-torsion if p 7^ 2 it follows that we have a similar result for the 
cohomology with Zp coefficients when p ^ 2. 

Corollary 6.6. //0<^-l<c<l and p^2 then 

H*{EmK{c,fi);Zp) = A{bJ,g,v)/{b^,bg)®gT2^[h]®br2^[h], 

where tTz [h], with t — g or t — b, stands for the infinitely generated algebra 

Zp[Thi, . . .,Th^^^,Thp, . . .,ThP'~^,Thp2,. . .,Th^2^, . . .] 

where the generators hi are the generators of the divided polynomial algebra Fz [h] . 
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In the case of Z2 coefficients is again more difficult to describe the cohomology ring since 
there is Z2-torsion in SEmb^^; (c, /i) as we showed in Corollary 16.31 Using this corollary 
and the Serre spectral sequence of fibration P^ we obtain 

Corollary 6.7. //0<^-l<c<l then 

H*iEmhUc, fJ-);^2) ^ HbJ,v)/{b^) ® A' 

where the algebra A' has an infinite number of generators. 
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